
Electric Power Systems Research xxx (xxxx) xxx

Please cite this article as: Carlos Castillo C, Electric Power Systems Research, https://doi.org/10.1016/j.epsr.2020.106966

0378-7796/© 2020 Elsevier B.V. All rights reserved.

Reactive power allocation through the modified Z-bus and 
Aumann-Shapley method 

Carlos Castillo C *,a, Yuri Molina b, Jaime Luyo a, Raoni Pegado b 

a National University of Engineering, Faculty of Mechanical Engineering, Lima, Peru 
b Federal University of Paraíba, Department of Electrical Engineering, João Pessoa, Paraíba, Brazil   

A R T I C L E  I N F O   

Keywords: 
Reactive power allocation 
Circuit laws 
Aumann-Shapley method 
Modified Z-bus 

A B S T R A C T   

This paper presents a new method based on the circuit theory and game theory for the allocation of reactive 
power. The allocation is calculated for each load, identifying and quantifying the responsibility of each reactive 
source. In the proposed method: the generators, line shunt, and bus shunt are modeled as current sources and 
loads are modeled as constant admittance, and obtained modified Z-bus matrix using circuit theory, which was 
coupled to the Aumann-Shapley method for calculating the unitary participation of each current source in the 
reactive power consumed by each load, considering each one as an independent player of the “reactive power 
allocation” game. The properties of the Aumann-Shapley method ensure equitable allocation and recovery of the 
total reactive power. Numerical results applied to the 5-bus and IEEE 30-bus systems are presented, discussed 
and compared with the other methods to demonstrate the applicability of the proposed method.   

1. Introduction 

In a traditional electricity market, the generation, transmission, and 
distribution of electric energy, as well as the ancillary services used for 
the reliable operation of the power system, were the responsibility of 
only one company. However, due to the appearance of competition in 
the electricity market, different regulatory frameworks emerged and 
with that, different types of markets where the generation, transmission, 
distribution and in some cases, commercialization is handled by 
different companies [1]. 

The transmission system services in a deregulated environment 
provide non-discriminatory open access by all agents and guarantee the 
means for the energy transference from the generations to the con-
sumers, considering the technical restrictions and reliability criteria. To 
fulfill this purpose, the transmission system requires a series of addi-
tional services, which are called ”ancillary services”. The ancillary ser-
vices are commonly used to ensure it is always possible to balance the 
supply and demand for energy in real-time [2]. The ancillary services 
may include several different operations which include reactive power 
support, spinning reserves, energy balance, frequency support, system 
restoration, etc [3]. 

In the case of reactive power support acting an ancillary service, it 

has two functions: a) to maintain the profile voltage within the technical 
limits and b) to maintain a reserve margin of reactive power to be used 
in cases of emergency [4]. 

In some countries is established that the independent system oper-
ator (ISO) is responsible for the coordination of voltage control and 
reactive power reserve. In order to maintain system reliability and se-
curity by providing for ancillary services such as reactive power support, 
the ISO identifies a set of reactive power requirements and looks for 
suitable providers, which are either generator and transmission com-
panies. Usually, the ISO enters into bilateral contractual agreements 
with reactive power supplier for the procurement of this service [2], [3]. 
However in other countries, the reactive power support is the re-
sponsibility of the System Operator (SO) and can be supplied by 
generating companies and/or transmission companies [4,5]. 

Adequate reactive power support ensures the continuous supply of 
electricity, keeping minimal energy losses through the transmission 
lines. Therefore, the costs of these services must be adequately calcu-
lated and compensated by all the agents that make use of the system. To 
calculate the financial compensation for the reactive power support. The 
first step in this task is to identify what part of the reactive power sup-
port required is supplied by a specific generator, and what part is sup-
plied by a specific reactive support device. However, to answer this 
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question is very complicated due to the non-linear nature and non- 
separable nature of the power flow equations. 

There are many methods in the scientific literature for the allocation 
of the cost of the reactive power support [6], therefore, a general 
description of some of them will be provided, highlighting its advan-
tages and disadvantages. 

The methods based on marginal cost use the concept of spot price to 
calculate the cost of reactive power support. The spot price is considered 
one of the most efficient ways to calculate the price of electricity because 
it optimizes social welfare. However, it has the following disadvantages: 
a) the spot price is very sensitive to the operating conditions of the 
system, causing fluctuations in the price of electricity in the short term, 
b) it depends on the method for the solution of the optimal power flow 
and may require more time and more computational resources for its 
convergence and finally, c) it does not allow recovering the total costs 
and hence additional charges called ”complementary chargesǥ are 
required [7,8]. 

The methods based on power flow tracing generally use the pro-
portional sharing principle and are considered very efficient when they 
are applied to the tracing of active power, because they allow deter-
mining from where, from whom and what part of the energy flow is 
consumed by a certain load. However, when applied for reactive power 
flow, they face two disadvantages: the first one, for technical reasons, 
reactive power cannot be transported over long distances [3], the second 
one, the reactive power does not always flow in the same direction as the 
active power, appearing bidirectional flows in the same branch, causing 
disruptions in the tracing of reactive power flow [9]. 

The methods based on circuit theory use the power flow solutions to 
calculate which part of the active and reactive power consumed by a 
load is supplied by each generator. These methods are considered effi-
cient and reliable for applications in real systems since they are 
consistent with the network topology and the Kirchhoff’s Laws. Among 
the most used methods are the Z-bus matrix [10], modified Y-bus matrix 
[11] and improved Y-bus matrix [12]. 

The main disadvantage of the Z-bus and Y-bus methods is the ne-
cessity of an additional process for allocating the participation in the 
reactive power consumed by a load. For example, in the method pro-
posed by Chu et al [11], it uses the modified Y-bus and the proportional 
sharing principle. Chu considers the load bus voltages as a linear com-
bination of the generator voltages, this causes two problems: a) 
cross-subsidies problems and b) the problem of allocation of participa-
tion to generators in loads without reactive power demand [13]. 

In the methods based on the cooperative game theory, the agents of 
the electric system form coalitions in order to minimize the transmission 
service costs. The main problem of this method is that the value assigned 
depends on the entry order into the coalition; therefore, the assigned 
value to an agent is different if it is entered first or last. This difficulty 
was overcome by the Shapley Value Method, in which the costs are 
assigned using the calculated cost average for every single possible 
combination of entry orders [14]. The main disadvantage of the Shapley 
Value is the use of computational resources. Nevertheless, by using the 
Aumann-Shapley Method the costs can be calculated through an analytic 
solution that is easy to implement and using less computational re-
sources [15]. In general terms, the methods based on game theory, 
specifically the Aumann-Shapley Method, can recover the total costs and 
these are also considered fair and transparent. 

The previously reported methods only consider reactive support 
devices and generators as reactive power sources, ignoring the reactive 
power injected by the line shunt and bus shunt. This leads to an error in 
the reactive power allocation process. For a fair allocation, in this paper, 
a new method was developed to solve the reactive power allocation 
problem considering the reactive power injected by the line shunt and 
bus shunt. 

The proposed method is applied considering a known operation 
point. To determine the participation in the reactive power support of 
the generators, line shunts and bus shunts are modeled as current source, 

while loads are modeled as constant admittance. By obtaining the 
modified Z-bus matrix, which will be coupled in the Aumann-Shapley 
method for calculating the unitary participation of each generator, bus 
shunt and the line shunt in the reactive power consumed by each load. 

The main contributions of the proposed method follow: 

1. It considers circuit laws and at the same time has desirable charac-
teristics in terms of economic coherence, because it is based on cir-
cuit laws in combination with Aumann-Shapley method.  

2. It identifies and quantifies the individual contribution of each agent 
(generator, load, bus shunt and line shunt), even when connected to 
the same bus.  

3. It fully allocates the reactive power (full cost recovery), thanks to the 
additive property of the Aumann-Shapley method  

4. It is considered fair and transparent, given that it is based on circuit 
theory in combination with the cooperative game theory (Aumann 
Shapley Method).  

5. It does not require much computational effort, since it is based on an 
analytical method (Aumann-Shapley Method), making it a strong 
candidate for real-time applications. 

This paper is organized as follows. The mathematical model for the 
proposed method is presented in Section 2. The numerical solutions 
obtained by applying the proposed method with the 5-bus system and 
IEEE 30-bus system are reported and discussed in Section 3. Finally, 
conclusions, commentaries and final considerations are presented in 
Section 4. 

2. Proposed method 

2.1. Background 

By applying the Kirchhoff’s Laws in a system with n buses at a known 
operation point, the following expression is obtained. 

I = YE (1) 

Where I is the nodal current injection vector,Y is the nodal admit-
tance matrix and E is the nodal voltage vector. 

For the purposes of enforcement of the proposed method, the line 
shunt and bus shunt are modeled as reactive power sources, and 
therefore they have a participation in the reactive power consumed by 
each load. 

In Fig. 1, the simplified schematic is shown for a 2-bus system. The 
generator is represented by a current source (IG

K), in the transmission 
line, the line shunt is represented byISh

km and ISh
mk, positioned in the ends of 

the line; the bus shunt is represented by ISB
m , connected to the load bus 

and the load is represented by a constant admittance YL
m. 

On the other hand, if distributed generation sources (DGs) are 
considered. In the proposed method it can be modeled as current sources 
that can inject or consume reactive power. Therefore, for a known sys-
tem operating point, a DG can be modeled as a conventional generator. 

The equivalent admittance of the loads are incorporated into the 
elements in the diagonal of the Y-matrix, obtaining the modified Y-bus 
matrix. Thus, the Eq. (1) is modified. 

Fig. 1. 2-Bus System Model with the generators, line shunt and bus shunt.  
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I
′

= Y
′

E (2) 

Where I
′

is the current injection vector, Y
′

is the modified admittance 
matrix (including the load admittance) and E is the nodal voltage vector. 
Therefore, the element (i, j) of the modified admittance matrix is ob-
tained from the element (i, j) of the nodal admittance matrix. 

Yij
′

=

{
Yij + YL

j , for i = j
Yij, for i ∕= j

(3) 

The equivalent admittance of the load L connected to the bus j, can be 
calculated as: 

YL
j =

1
Ej

(
SL

j

Ej

)∗

(4) 

Where Ej and SL
j are the voltage and apparent power consumed by the 

load L connected to the bus j. Both values are obtained by the power 
flow. 

By inverting the modified admittance matrix shown in the Eq. (2), 
the modified impedance matrix Z

′

is obtained. 
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Considering that the bus k is connected to the load L. From the 
previous matrix, the load voltage can be calculated in a linear combi-
nation of currents injected into the system. 

Ek = Z
′

k1I
′

1 + ⋯ + Z
′

kkI
′

k + ⋯ + Z
′

knI
′

n =
∑n

j=1
Z

′

kjI
′

j (5) 

Where Z
′

kj is the element (k, j) of the modified impedance matrix and 

I
′

j is the element j of the current injection vector. 
In general terms, considering the k − th bus, the total current injected 

into that bus will be calculated by the following equation: 

I
′

k = IG
k + ISL

k + ISB
k (6) 

Where IG
k is the current injected by the generator into the bus k; ISL

k 

and ISB
k are the current injected by the line shunt and bus shunt into the 

bus k, respectively. 
Supposing that the k − th bus is connected to b buses, the total cur-

rent injected by the line shunts into the bus k will be calculated as 
following: 

ISL
k =

∑b

j=1
ISh

kj (7) 

Where ISh
kj is the current injected by the line shunt between the bus k 

and the bus j. 
The apparent power consumed by the load L connected to the bus k,

can be calculated as follows: 

SL
k =

(
YL

k

)∗
|Ek|

2 (8) 

Where YL
k is the load admittance connected to the bus k, and Ek, is the 

load voltage. 
Considering I

′

i = I
′ r
i + jI

′ i
i and Z

′

ki = R
′

ki + jX
′

ki, the Eq. (5) becomes the 
following expression. 

Ek =
∑n

i=1

(
R

′

kiI
′ r
i − X

′

kiI
′ i
i

)
+ i
∑n

i=1

(
R

′

kiI
′ i
i +X

′

kiI
′ r
i

)
(9) 

Replacing the Eq. (9) in (8) it is obtained as follows. 

SL
k = YL

k

[(
∑n

i=1

(
R

′

kiI
′ r
i − X

′

kiI
′ i
i

)
)2

+

(
∑n

i=1

(
R

′

kiI
′ i
i + X

′

kiI
′ r
i

)
)2]

(10) 

Considering SL
k = PL

k + jQL
k and YL

k = gL
k + jbL

k, it can be obtained a 
mathematical expression for the reactive power consumed by each load. 

QL
k = − bL

k

[(
∑n

i=1

(
R

′

kiI
′ r
i − X

′

kiI
′ i
i

)
)2

+

(
∑n

i=1

(
R

′

kiI
′ i
i + X

′

kiI
′ r
i

)
)2]

(11)  

2.2. Reactive power injected by line shunt and bus shunt 

The total reactive power injected by the line shunt into the bus k can 
be calculated as follows: 

QSL
k =

∑b

m=1

(
Ish

km

)
⋅Ek (12) 

Where b is the number of buses connected to bus k, Ek, voltage in bus 
k, ISh

km, current injected by the line shunt, specifically into the bus k. 
The injection of reactive power by the bus shunt in bus k can be 

calculated using the following equation: 

QSB
k =

(
ISB

k

)
⋅Ek (13) 

Where ISB
k is the current injected by the bus shunt located at bus k,

and Ek, is voltage in bus k. 
The total reactive power injected by the line shunt and the buse shunt 

into bus k is estimated as follows: 

QS
k = QSB

k + QSL
k (14) 

Before starting the reactive allocation process on each bus system, a 
comparison is made between the reactive power injected by the line 
shunt and the bus shunt (QS

k) and the reactive power consumed by the 
load (QL

k). If QS
k is higher than QL

k, the excess of reactive power in such bus 
is allocated among the remaining system loads. If, on the other hand, QS

k 

is lower than QL
k, the lack of reactive power is supplied by the other 

reactive power sources. 

2.3. Reactive power allocation through the Aumann-Shapley 

The Aumann-Shapley Method allows, fairly and transparently, to 
solve different allocation problems. For this reason, in this article is used 
the Aumann-Shapley method in combination with circuit theory to solve 
the problem of reactive power allocation. For more information about 
the properties of the Aumann-Shapley Method you can see [15–18]. 

The proposed method allows calculating how each current source 
participates in the reactive power consumed by each load. Each current 
source as an independent player in the reactive power allocation game. 

From the Eq. (11) we can see that the power consumed by the load L 
connected to the bus k is a linear combination of all the currents injected 
into the system (generators, line shunt and bus shunt). Furthermore, the 
Aumann-Shapley method can be utilized to determine the responsibility 
of each current source in the reactive power consumed by each load. 

The Aumann-Shapley Method consists of dividing each current 
source into infinitesimal parts of the same size; considering each one of 
them as single players. This provides an analytic solution to the reactive 
power allocation problem [19]. 

For a system with n buses, there are n players[I
′

1,…, I
′

k,…, I
′

n] or 2n 

players, if the real and imaginary current sources components [I
′ r
1 , I

′ i
1 ,… 

, I
′ r
k , I

′ i
k ,…, I

′ r
k , I

′ i
k ] are analyzed. For example, the total current injected 

into the bus x is considered as I
′

x = I
′ r
x + jI

′ i
x .The unitary participation of 

the real component (I
′ r
x ) in the reactive power consumed by the load L 

connected with the bus k can be calculated through the next equation. 
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PU
I
′ r
x →Lk

=

∫ 1

0

∂QL
k (I

′

t)
∂I ′ r

x

dt (15) 

Substituting the value of QL
k of the Eq. (11) into the Eq. (15) after 

derive and integrate, the following equation is obtained. 

PU
I
′ r
x →Lk

= − bL
k

[
∑n

i=1

(
R

′

kiI
′ r
i − X

′

kiI
′ i
i

)
R

′

kx +
∑n

i=1

(
R

′

kiI
′ i
i +X

′

kiI
′ r
i

)
X

′

kx

]

(16) 

The unitary participation of the imaginary component (I
′ i
x ) in the 

reactive power consumed by the load L connected to the bus k can be 
calculated through the next equation. 

PU
I
′ i
x →Lk

=

∫ 1

0

∂QL
k (I

′

t)
∂I ′ i

x
dt (17) 

Substituting the value of QL
k of the Eq. (11) into the Eq. (17) after 

derive and integrate, the following equation is obtained. 

PU
I
′ i
x →Lk

= − bL
k

[
∑n

i=1

(
R

′

kiI
′ r
i − X

′

kiI
′ i
i

)(
− X

′

kx

)
+
∑n

i=1

(
R

′

kiI
′ i
i +X

′

kiI
′ r
i

)
R

′

kx

]

(18) 

The total participation of the current injected into the bus x in the 
reactive power consumed by the load L connected to the bus k is ob-
tained through the next equation: 

PT
I
′

x →Lk
= I

′ r
x ⋅PU

I
′ r
x →Lk

+ I
′ i
x ⋅PU

I
′ i
x →Lk

(19) 

According to the Eq. (6), the total current injected into the bus x is 
composed of the current injected by the generator (IG

x = IGr
x + jIGi

x ), the 
current injected by the line shunt (ISL

x = ISLr
x + jISLi

x ) and the current 
injected by the bus shunt (ISB

x = ISBr
x + jISBi

x ). Therefore: 

I
′

x = I
′ r
x + jI

′ i
x =

(
IGr

x + ISLr
x + ISBr

x

)
+ j
(
IGi

x + ISLi
x + ISBi

x

)
(20) 

Replacing the components from the Eq. (20) into (19). 

PT
I
′

x →Lk
=
(
IGr

x + ISLr
x + ISBr

x

)
⋅PU

I
′ r
x →Lk

+
(
IGi

x + ISLi
x + ISBi

x

)
⋅PU

I
′ i
x →Lk

(21) 

By arranging the terms of the Eq. (21), it can be obtained that the 
total participation of the current injected into the bus x in the reactive 
power consumed by the load L connected with the bus k is the sum of the 
individual participation of each current source, therefore: 

PT
I
′

x →Lk
= PTG

I
′

x →Lk
+ PTSL

I
′

x →Lk
+ PTSB

I
′

x →Lk
(22) 

Where: 

PTGI
′

x→Lk
: Total participation of the generator connected to the bus x 

in the reactive power consumed by the load connected to the bus k. 
PTSLI

′

x→Lk
: Total participation of the line shunt connected to the bus x 

in the reactive power consumed by the load connected to the bus k. 
PTSBI

′

x→Lk
: Total participation of the bus shunt connected to the bus x 

in the reactive power consumed by the load connected to the k. 

The total participation of each current source is calculated according 
to: 

PTGIG
x →Lk

= IGr
x ⋅PU

I
′ r
x →Lk

+ IGi
x ⋅PU

I
′ i
x →Lk

(23)  

PTSLISL
x →Lk

= ISLr
x ⋅PU

I
′ r
x →Lk

+ ISLi
x ⋅PU

I
′ i
x →Lk

(24)  

PTSBISL
x →Lk

= ISBr
x ⋅PU

I
′ r
x →Lk

+ ISBi
x ⋅PU

I
′ i
x →Lk

(25) 

Eqs. (23), (24) and (25), show that the total participation of the 
generator, the line shunt and the bus shunt depend on the real and 
imaginary components of the current injected by each source. 

Furthermore, from the Eqs. (24) and (25), it can be shown, that although 
the line shunt and bus shunt are considered reactive power sources, they 
have a real component in the current injected into the system. 

3. Case studies 

The proposed method for the reactive power allocation was imple-
mented and tested in two base cases: the 5-bus test system and the IEEE 
30-bus system. The results obtained by the proposed method (PM) were 
compared with other methods such as Allocation Method Via Voltage 
Sources (AMV) [13] and Modified Y-bus Matrix Method (MYM)[11]. 

3.1. 5-Bus system 

The 5-bus system presented in [13], was used to test the proposed 
method (see Fig. 2). The system contains 3 generators, the first one is 
located in bus 1 (G1), the second one is located in bus 3 (G3) and the 
third one is located in bus 4 (G4); 5 loads located in the buses 1 to 5 and 6 
transmission lines. 

From the power flow results, shown in Table 1, it can be observed 
that: the active power delivered by the generators G1 and G4 is much 
bigger than their reactive power. This will have a strong influence in the 
reactive power allocation process in the proposed method due to the 
coupling effect that exists between active and reactive power [18]. 

Table 2 shows the numerical results of the reactive power allocated 
to each generator with the 5-bus test system considering the AMV and 
MYM methods and the proposed method (PM). Based on the results 
shown in Table 2, the following statements can be concluded.  

• The values of reactive power allocated to the generators have 
different values for each of the three methods being compared in this 
paper. 

• The reactive power consumed by loads 1, 3 and 4 are directly sup-
plied by generators G1, G3 and G4, respectively.  

• The AMV and MYM methods do not consider some generators. For 
example, based on methods AMV and MYM, the reactive power 
consumed by the load 2 is supplied by generators G1 and G3. How-
ever, through the proposed method, in addition to the reactive power 
allocated to generators G1 and G3, the reactive power consumed by 
the load 2 has a participation of 5.7703MVAr allocated to the 
generator G4.  

• Based on the proposed method, the reactive power consumed by the 
load 2 is supplied by generator G1 (10.8132MVAr), generator G3 
(3.4165MVAr) and generator G4 (5.7703MVAr). Although the elec-
tric distance of generator G4 is farther from load 2 than generator G3 
[13], it has more participation in the reactive power consumed by 
this load. This is mainly because the generators are modeled as 
complex current injections. As a result, the real current component, 

Fig. 2. 5-bus test system.  
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as well as the imaginary current component injected by the gener-
ator, have participation in the total reactive power allocated to each 
generator. As shown in Table 3, approximately 96% (5.5496MVAr) 
of the reactive power supplied by the generator G4 to cover the 
reactive power consumed by the load 2 is supplied by the real current 
component, and approximately 4% (0.2207MVAr) is supplied by the 
imaginary component. This is due to the coupling effect between 
active and reactive power [18]. This means that the active power 
consumed by a load is supplied simultaneously by the active and 
reactive power of each generator. Similarly, the reactive power 
consumed by a load is supplied by the reactive and active power of 
each generator [20]. 

To demonstrate the procedure of the proposed method, two bus 
shunts were added to the 5-bus test system shown in figure 2: one was 
added to the bus 2 (bsh

2 = 0.15pu) and the other one to the bus 5 (bsh
5 =

0.10pu). Both, the line shunts and the bus shunts will have a partici-
pation in the reactive power consumed by each load. To calculate the 
participation of generators, line shunts and bus shunts in the reactive 
power consumed by each load with the proposed method, they are 
modeled as current sources. 

The results of the power flow solution considering the bus shunts 
added to the system are shown in Table 4. When comparing the values 
shown in Table 4 against the values shown in Table 1, two differences 
are observed: the first is that voltage of buses 2 and 5 increases due to an 
injection of reactive power by the bus shunt connected to those buses. 
The second difference is the decrease of reactive power injected by each 
generator. 

Table 5 shows the results of allocating reactive power considering 
the generators, the bus shunts and the line shunts as current sources. 
Based on the results shown in Table 5, the following statements can be 
concluded:  

• Based on the Table 2, 100% of the reactive power consumed by load 
1 is supplied by generator G1. However, based on the Table 5 when 
considering the effect of the line shunt as a source of reactive power, 
14.7% of the reactive power consumed by load 1 is supplied by the 
line shunt and 85.3% is supplied by generator G1.  

• The reactive power consumed by load 5 is supplied as follows: 
41.73%, by the bus shunt connected to bus 5; 7.51%, by the line 
shunts; 27.74%, by generator G1; 7.44%, by generator G3 and 
15.58%, by generator G4. 

3.2. IEEE 30-Bus system 

The IEEE 30-bus system was utilized to prove the proposed method. 
It is composed of 6 generators connected to bus 1 (G1), bus 2 (G2), bus 5 
(G5), bus 8 (G8), bus 11 (G11) and bus 13 (G13), respectively. Twenty 
loads and forty-one transmission lines. Detailed information about this 
system can be found in [13]. 

To better understand the effect of reactive power allocation to the 
generators of the IEEE 30-bus system when considering bus shunts and 
line shunt as reactive power sources, two cases are considered: case I, 
when line shunts and bus shunts are considered part of the nodal 
admittance matrix; case II, when bus shunts and line shunt are modeled 
as current sources. 

3.2.1. Case i 
The results of allocating reactive power with the AMV and MYM 

methods as well as the proposed method (PM) in case I, are shown in 
Table 6. When comparing the results obtained by each three methods 
presented in this paper, reported in Table 6, the following differences 
can be noted:  

• Bus 10 is a load that only consumes active power; therefore, the AMV 
and MYM methods, as well as the proposed method, should not be 
considered for the allocation of reactive power. However, method 
MYM assigns participation to all generators available in the system. 
Although the sum of the participation of each generator in bus 10 is 
zero, as shown in Table 6, it results in cross-subsidies.  

• The MYM method allows the possibility to allocate negative values to 
the reactive power injected by the generators. For example, with the 

Table 1 
Power Flow Results for 5-bus test system.  

Bus Voltage Generator Load 

V(pu) θ (grad)  P(MW) Q(MVAr) P(MW) Q(MVAr) 

1 1.05 0 239.96 45.27 45 15 
2 0.989 -10.8 0 0 162.5 20 
3 1.033 -7.8 62.3 66.68 80 20 
4 1.05 0.47 136.68 22.16 50 20 
5 1.015 -4.82 0 0 90 25  

Table 2 
Results of the allocation of reactive power.  

Bus Voltage Supplied by G1 (MVAr)  Supplied by G3 (MVAr)  Supplied byG4 (MVAr)  Load 

N  V(pu) AMV MYM PM AMV MYM PM AMV MYM PM 

1 1.05 15 15 15 0 0 0 0 0 0 15 
2 0.989 8.6404 14.2249 10.8132 11.3596 5.7751 3.4165 0 0 5.7703 20 
3 1.033 0 0 0 20 20 20 0 0 0 20 
4 1.05 0 0 0 0 0 0 20 20 20 20 
5 1.015 11.9829 13.4419 13.5853 7.0341 4.5883 3.8394 5.983 6.9698 7.5753 25  

Table 3 
Total participation of the real and imaginary current component injected by 
each generator.  

bus Generador IGr
x ⋅PUI

′ r
x →Lk  

IGi
x ⋅PU

I
′ i
x →Lk  

PTGIGx →Lk    

MVAr MVAr MVAr  

2 G1  10.1128 0.7004 10.8132 
L G2  2.2612 1.1553 3.4165 
O G3  5.5496 0.2207 5.7703 
A 5 G1  12.7719 0.8134 13.5853 
D G2  2.799 1.0403 3.8393  

G3  7.2006 0.3747 7.5753  

Table 4 
Power flow calculated by adding the bus shunt .  

Bus Voltage Generator Load 

V(pu) θ (grad)  P(MW) Q(MVAr) P(MW) Q(MVAr) 

1 1.05 0 239.47 33.36 45 15 
2 1.001 -10.83 0 0 162.5 20 
3 1.033 -7.72 62.3 54.43 80 20 
4 1.05 0.51 136.68 19.58 50 20 
5 1.021 -4.86 0 0 90 25  
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MYM method the reactive power consumed by load 4 is supplied by 
G1, G2, G5, G8, G11 and G13. Generators G1, G2, G5 and G8, are 
assigned positive values of reactive power, while generators G11 and 
G13, are assigned negative values of reactive power. This may benefit 
to some generators, and work against some others, thus resulting in 
cross-subsidies.  

• According to AMV and MYM methods, the total power injected by 
generator G8 is 47.3379MVAr and 47.0114MVAr, respectively. 
However, according to the power flow, generator G8 only injects a 
reactive power of 18.07 MVAr to the system. The allocation of 
reactive power is higher than the reactive power injected to the 
system by generator G8, which can only be explained by the coupling 
effect between the active and reactive power. In other words, the 
active power from generator G8 has participation in the reactive 
power consumed by the loads. 

• When comparing the values of reactive power allocated to the gen-
erators to cover the demand on load bus 7, it can be observed that the 
AMV method allocates more reactive power to generator G5, because 
the electric distance of this generator is closer to that load [13]. 
However, more reactive power is allocated to generator G1, with the 
proposed method due to the coupling effect between the active and 
reactive power [21]. It means that the increased value of reactive 
power allocated to generator G1, results mainly from the active 
power injected into the system by this generator (60% of the total 
demanded by the IEEE 30-bus system).  

• When comparing the total reactive power injected by each generator 
as shown in Table 6, it is observed with the PM, the generator G1,

injects more reactive power (27.8432MVAr) than AMV method 
(3.2680MVAr) and MYM method (4.2765MVAr). This is mainly due 
to the coupling effect between the active and reactive power. 

The three methods presented in this article are based on the power 
flow solution. However, they allocate different values of reactive power 
to each generator. This is mainly due to the criteria chosen to develop 
the model. That is why there are no models of reactive power allocation 
universally accepted currently. 

3.2.2. Case II 
In case II, the bus shunts and the line shunts are modeled as reactive 

power sources. The results of the reactive power allocation in case II 
using the proposed method (PM) are shown in Table 7. No calculations 
were made using the AMV method or the MYM method because they do 
not include them in their mathematical approach. When comparing 
tables 7 and 6, the following can be observed:  

• 60% of the reactive power demanded by load 2 is supplied by 
generator G2 and the remaining 40% is supplied by the line shunts.  

• The demands from loads 3 and 4 are directly covered by the line 
shunts; therefore, no reactive power is allocated to the generators  

• The values of reactive power allocated to the generators decrease 
when considering the line shunts and bus shunts as sources of reac-
tive power. For example, if we consider the demand from load 7, it 
can be observed that the value assigned to generator G1 decreases 
from 3.6223MVAr to 2.5979MVAr.  

• The reactive power consumed by load 30 is supplied by the bus shunt 
connected to that bus.  

• As previously mentioned, for each system bus a comparison was 
made between the reactive power injected by the line shunt and the 
bus shunt, and the demanded reactive power. If the reactive power 
injected into the bus was higher than the demand, the bus was 
considered as a reactive power source; thus, it would be considered a 
new player in the reactive power allocation game (this is the case of 
the line shunts in bus 1 (B1), bus 3 (B3), bus 4 (B4), bus 6 (B6), bus 28 
(B28) and the bus shunt in bus 30 (B30)). For example, the reactive 
power consumed by load 7 is 7.5MVAr. The reactive power injected 
by all line shunts into the bus 7 is 1.8761MVAr, reducing the reactive 
power consumed to 5.6239MVAr. As a result, it will have the 
reduction of the participation of reactive power sources on this load 
bus.  

• The total power injected by the line shunts equals to 15.9%, while 
the total power injected by the bus shunts are 1.6% of the total 
reactive power consumed by the system (130.8 MVAr). 

According to the results shown in Table 7, the line shunts inject into 
the system a significant part of the reactive power, which must be 
considered in the allocation process by the reactive power support. If 
this is not taken into account, we fall into cross-subsidy problems, 
because some agents would be benefited from greater participation in 
the allocation of reactive power. 

4. Conclusion 

In this paper, a new method is proposed in order to determine the 
participation of reactive power sources (generators, bus shunts and line 
shunts) on reactive power consumed by loads, considering the coupling 
existing between active and reactive power. 

The proposed method is based on circuit theory in combination with 
game theory, through the analytical application of Aumann-Shapley 
method. The properties of circuit theory and Aumann-Shapley axioms 
are combined to provide with appropriate and more precise allocation of 
reactive power. 

The results obtained validated the influence of active and reactive 
components on the reactive power allocation process between agents, 
and the need for representing generators, bus shunts and line shunts as 
independent agents, including when they are at the same bus. Therefore, 
it can be concluded that reactive power participation in loads cannot be 
separated from active and reactive components, and an integrated 
approach is required. 

The Proposed Method demonstrated that line shunts injected a sig-
nificant part of reactive power that must be considered in the process of 
reactive power allocation, thus avoiding cross-subsidy problems. 
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Formal analysis, Writing - original draft. Yuri Molina: Conceptualiza-
tion, Methodology, Software, Validation, Supervision, Formal analysis. 
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Pegado: Software, Validation. 

Table 5 
Allocation of reactive power considering line shunts and bus shunts.  

Bus Supplied by Generator (MVAr) Supplied by line Shunt (MVAr) Supplied by Bus Shunt Load 

G1  G3  G4  L1− 2  L1− 5  L2− 3  L3− 4  L3− 5  L4− 5  Total 

1 12.795 0 0 1.6537 0.5513 0 0 0 0 2.205 0 15 
2 1.3518 0.401 0.729 1.5016 0 1.001 0 0 0 2.5026 15.0156 20 
3 0 17.4923 0 0 0 1.0671 0.6403 0.8003 0 2.5077 0 20 
4 0 0 18.7321 0 0 0 0.6615 0 0.6064 1.2679 0 20 
5 6.9353 1.8592 3.8948 0 0.5216 0 0 0.7825 0.5738 1.8779 10.4328 25  
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